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Abstract
One of the most crucial questions in (Nielsen) equivariant fixed point theory is the following. Let
G be a compact Lie group, and X a G-space. Given an equivariant map f :X→ X such that for
each subgroup H ⊂ G, fH :XH → XH can be deformed to be fixed point free by a compactly
fixed homotopy, is it true that f can be deformed by a compactly fixed G-homotopy to a fixed point
free map? Furthermore, if the Nielsen numbers N(f H ) vanish, is it true that f can be equivariantly
deformed to be fixed point free (converse of the Lefschetz property for nG)? Fadell and Wong [Pacific
J. Math. 132 (1988) 277–281] gave positive answers to these questions, under the hypothesis that
dim(XHs )+ 2 dim(XH ) (Codimension Hypothesis). In this paper we prove that if f is isovariant,
and the group G is 2-split, then the converse of the Lefschetz Property for nG holds for G-manifolds
of dimension = 2. We also give a counter-example that illustrates why in general the Codimension
Hypothesis cannot be removed from the main result of Fadell and Wong, unless assuming further
hypotheses.  2001 Elsevier Science B.V. All rights reserved.
AMS classification: Primary 55M20, Secondary 54H15
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1. Introduction
A natural problem in equivariant fixed point theory is the following: let G be a compact
Lie group, and M a smooth G-manifold (with or without boundary). Let f :U ⊂M →M
be a G-map defined on an open subset U of M . If f is compactly fixed in U , then the
equivariant Nielsen number nG(f ) := {N(f H )} is defined as the collection of all the
Nielsen numbers of the maps fH :UH →MH with H ⊂G. Of course, if f is compactly
fixed G-homotopic to a fixed point free G-map, then nG(f )= 0.
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Now, the question is: under which conditions is the converse true, i.e., does nG(f )= 0
imply that f can be compactly fixed G-deformed to be fixed point free? The first result in
this direction was the following theorem of Fadell–Wong [15]:
Theorem 1.1 (Fadell–Wong). Let G be a compact Lie group and M a compact, smooth
G-manifold. Suppose that ∀(H) ∈ Isow(G,M), dimMH  3 and dimMHs  dimMH −2.
Then, a G-map f :M → M is G-homotopic to a fixed point free map if and only if
nG(f )= 0.
Further investigations in this field have led to the results of Wong [31,32], and of the
author [12]. In [12] an equivariant Nielsen-type index has been defined, which has the
converse of the Lefschetz property, that is an index IG such that IG(f )= 0 implies that
f is compactly fixed G-homotopic to a fixed point free G-map. By using this G-invariant,
in this paper we show that under other hypotheses than Fadell–Wong’s ones, the statement
of the theorem can hold. (For precise statements of these properties see Theorem 3.1 and
Corollaries 3.2, 3.3 of Section 3.)
The main idea is to weaken the codimension hypothesis, and surprisingly this can be
done only for isovariant maps; that is, the so-called Standard Hypothesis of [31] cannot be
weakened for general maps (see Example 5.2 of [12], and Section 6).
The paper is organized as follows: Section 2 is devoted to introducing preliminary
notation and results (the notion of taut maps and weakly taut G-maps is essential to the
subject). We usually refer to [12] or [13] for some proofs and details. In Section 3 we
simply state the main results, which will be proved in Section 5, after a preliminary key
lemma, contained in Section 4. Finally, in Section 6, we give a counter-example, which
illustrates where the proof of [15] fails, without the Codimension Hypothesis.
2. Preliminaries
All the properties of G-manifolds, G-ENRs and G-CW-complexes that we shall use
can be found in [2,26,28]. By a manifold, in general we mean (if not otherwise stated) a
manifold with or without boundary, not necessarily compact.
We now quote some results and definitions that we need in the sequel.
A finite group is 2-split if it is the direct product of a 2-group and a group of odd order
(see [11]). Of course nilpotent finite groups are 2-split.
If G is a compact Lie group, and X a G-space, then we denote by Iso(G,X) the poset
of isotropy types of X, that is, the poset of conjugacy classes of subgroups Gx := {g ∈
G: gx = x}. Let Isow(G,X) denote the poset of isotropy types (H) inX such that the index
of H in its normalizer |WGH | := |NGH/H | is finite. Of course Isow(G,X) ⊂ Iso(G,X)
and they may coincide.
If H ⊂ G, let XH denote the space of all points of X fixed by H , that is XH := {x ∈
X: Hx = x}, and XH the space of all points with isotropy H , that is XH := {x ∈X: Gx =
H }. Then the singular set XHs := XH \ XH is the space of all the points with isotropy
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strictly larger than H , that is XHs := {x ∈ X: Gx  H }. Now consider the action of the
Weyl group WGH on XH : if H is the principal isotropy type of XH (and we can always
assume it whenever (H) is in Iso(G,X)): then XH has trivial principal isotropy type with
respect to the action of WGH ; in this case let XHs0 denote the singular set of X
H with
respect to the action of the Weyl group WGH , that is XHs0 := {x ∈ XH : (WGH)x  1},
which is equivalent to XHs0 := {x ∈X: Gx ⊃H, Gx ∩NGH =H }. It is important to note
that XHs0 ⊂XHs and that in general they need not to be equal (the symmetric group S3 acting
on a plane as the group of symmetries of a regular triangle is the simplest counter-example).
Theorem 2.1. Let G be a 2-split finite group, and M a smooth G-manifold. Then for
every (H) ∈ Iso(G,M), dimXHs \XHs0  dimXH − 2. As a converse, if G is not 2-split,
there exists a representation V of G such that XHs0 = ∅ and dimXHs \ XHs0 = dimXHs =
dimXH − 1 for an isotropy group (H) ∈ Iso(V ,G).
Proof. See [11], Theorem 1.1. ✷
2.1. Taut and weakly taut G-maps
Let G be a compact Lie group and Y a G-space. If A⊂ Y is a G-subset and Z is another
G-space, then a G-map f :Y → Z is said taut over A if there is a G-retraction r :Y → A
such that f := f r . If U is a neighborhood of A in Y , then we say that f is taut over A in
U if the restriction f |U is taut over A.
A G-map f :U ⊂ X → X is taut if for every (H) ∈ Iso(G,X) the restriction
fH :UH → XH is taut over UHs in a suitable neighborhood of the singular set UHs in
UH .
A G-map f :U ⊂X→X is weakly taut if for each isotropy type (H) ∈ Iso(G,X) there
is an open neighborhoodWH of UHs in UH such that f (WH )⊂UHs . The G-map f is said
weakly taut around Fix(f ) if it is compactly fixed and there is a G-neighborhood V of
Fix(f ) such that the restriction f |V is weakly taut.
If f is taut, then it is also weakly taut. Moreover, if Y is a compact G-ENR, and
A ⊂ Y a G-neighborhood retract, then every G-map f :Y → Z for every ε > 0 can be
ε-approximated by a G-map which is taut over A in a neighborhood of A and equivariantly
ε-homotopic to it.
We need the following lemma:
Lemma 2.2. Let G be a compact Lie group, X a G-ENR and U an open subspace of X.
Let f :U →X be a compactly fixed G-map. Then for every ε > 0 there exists a compactly
fixed equivariant ε-approximation f ′ of f , such that f ′ is weakly taut around Fix(f ).
Proof. See [12], Proposition 4.10. ✷
A G-map f :U →X is isovariant if the isotropy Gx is equal to the isotropy Gf(x). The
problem is that if f ′ is a taut approximation of an isovariant map f , then f ′ is no longer
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isovariant. Since we need the properties of isovariant maps, we must use the following key
lemma:
Lemma 2.3. Let G be a compact Lie group, M a smooth G-manifold, U a G-subset
of M , and f :U → M an isovariant compactly fixed map. Then there is an isovariant
compactly fixed homotopy F :U × I →M such that F(−,0)= f and an approximation
φ of F(−,1) which is taut in a neighborhood of Fix(φ) and such that for every (H) ∈
Iso(G,U) F(−,1) is compactly fixed in UH and the local generalized Lefschetz numbers
L(φH |UH)= L(F (−,1)|UH).
Proof. See [13, p. 30], Lemma 3.1, or [12]. ✷
We now recall the definition of L(f ): it is not the classical of [18], because in this setting
we need to deal easily with non-connected spaces. The details can be found in [16,10,12].
Let X be an ENR, U ⊂ X an open subset of X, and f :U → X a compactly fixed
map. Then let E(f ) := {λ : (I, {0})→ (X,U) | f (λ(0)) = λ(1)} with the compact-open
topology induced from XI . It is worthwhile to note that in some sense it is related with the
notion of translation path of Brouwer. Consider the inclusion Fix(f )→E(f ) which sends
a fixed point x ∈ Fix(f ) to the constant path cx in E(f ): the pre-images of the components
of E(f ) are the Nielsen classes of f , with a well-defined index. The generalized Lefschetz
number is simply the function L(f ) :π0(E(f ))→ Z which sends any component to the
index of its pre-image in Fix(f ). It is an element of the free Abelian group ZR(f ), where
R(f ) := π0(E(f )) is the Reidemeister set of f . The cardinality of its support is the (local)
Nielsen number N(f ).
The following proposition was first proved in [9,10].
Proposition 2.4 (Union Property). Let X be an ENR and U1,U2 ⊂X two open subsets of
X. If f :U →X is a map defined on U := U1 ∪U2, such that f is compactly fixed in U1
and in U2, then
L(f )+ i1∗j1∗L(f |U1 ∩U2)= i1∗L(f |U1)+ i2∗L(f |U2)
where i1∗ :ZR(f |U1)→ ZR(f ), i2∗ :ZR(f |U2)→ ZR(f ) and j1∗ :ZR(f |U1 ∩U2)→
R(f |U1) are the homomorphisms induced by the inclusionsE(f |U1)⊂E(f ),E(F |U2)⊂
E(f ) and E(f |U1 ∩U2)⊂E(f |U1).
Corollary 2.5. Let G be a finite group, X a G-ENR, U an open G-subset, and f :U →X
a G-map taut in a neighborhood of Fix(f ). Then, for all (H) ∈ Iso(G,X)
L(fH )= ∑
K⊃H
iHKL
(
fK |UK
)
where for all K and H , iHK :ZR(f K |UK)→ ZR(f H ) is the homomorphism induced by
the inclusion E(fK |UK)⊂E(fH ).
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Proof. For every (H) ∈ Iso(G,X),
Fix
(
fH
) = Fix(f )∩UH
=
⋃
K⊃H
(
Fix(f )∩UK
)= ⋃
K⊃H
(
Fix
(
f K |UK
))
.
Consider now a component ξ of Fix(f ). Since f is taut in a neighborhood of Fix(f ), ξ
there is an isotropy K such that ξ ⊂UK . Moreover, for every L⊂K the index of ξ in UK
coincides with the index of ξ in UL (this is an easy consequence of the tautness of f ).
Hence, for every K ⊃ H , there is an isolating neighborhood VK of Fix(f K |UK) in UH
such that L(f H |VK)= iHKL(f K |UK). So,
L(fH )= ∑
K⊃H
L(fH |VK)
because of the Union Property 2.4, and the latter is simply∑
K⊃H
iHKL
(
f K |UK
)
because of the tautness. ✷
The following lemma is a kind of converse of the Lefschetz property for equivariant
maps.
Lemma 2.6. Let G be a finite group, M a smooth G manifold such that for every H ,
dimMH = 2, and U a G-subset of M . Then a compactly fixed G-map f :U → M
is compactly fixed G-homotopic to a fixed point free G-map if and only if there is
an approximation f ′ of f , which is weakly taut around Fix(f ′), such that for every
(H) ∈ Iso(G,M)
L(f ′H |UH )= 0.
Proof. First note that if L(f ′H |UH) = 0 for an approximation f ′ weakly taut around
Fix(f ′), then the same holds for any other approximation with the same property (see [12,
Lemma 4.8]). Now we can apply the standards tools in equivariant homotopy theory:
with an induction over orbit types, and by applying at every stage the Jiang procedure
to coalesce fixed points in the same Nielsen class, we can easily prove the claim. Details
are a straightforward translation of the similar results in [31] or [20]. They can also be
found in [13] (compare with Corollary 4.23 of [12]). ✷
3. The main result
We are now in the position to state and prove the main result:
Theorem 3.1. Let G be a finite group, M a smooth G-manifold, and U ⊂ M an open
G-subset of M . If
∀(H) ∈ Iso(G,M), dimMHs \MHs0  dimMH − 2 = 0
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then every compactly fixed isovariant map f :U →M can be compactly fixed deformed
to be fixed point free if and only ∀(H) ∈ Iso(G,M), N(f H ) = 0, that is, if and only if
nG(f )= 0.
Corollary 3.2. Let G be a 2-split group, M a smooth G-manifold with dimMH = 2 for
all H , U ⊂M an open G-subset, and f :U →M an isovariant map with nG(f )= 0. Then
f is G-homotopic to a fixed point free G-map.
Proof. It is a consequence of Theorems 3.1 and 2.1. ✷
Corollary 3.3. A finite group G is 2-split if and only if for every compact smooth G-
manifold M with dimMH = 2 for all H , and for every isovariant map f :M →M with
nG(f )= 0, there is a fixed point free G-map G-homotopic to f .
Proof. If G is 2-split, it is just a consequence of the previous corollary. If G is not 2-split,
then consider the same family of counter-examples as shown in [11]. ✷
4. The Key Lemma
In this section we prove the Key Lemma. Further details can be found in [13]. Let G be
a finite group and M a locally smooth G-manifold with trivial isotropy type.
Consider the inclusion
E(f |U1)→E(f )
where U1 is the free part of U . It induces a homomorphism
i∗ :R(f |U1)→R(f ).
Lemma 4.1. Let λ,λ′ ∈E(f |U1) be paths such that λI,λ′I ⊂U1. If i∗λ= i∗λ′, then there
is a g ∈G such that λ′ = g · λ.
Proof. As shown in Fig. 1, i∗λ= i∗λ′ means that there is a path γ such that γ λ′ ∼ λf (γ ).
Consider the function σ :G→ N defined as follows: given g ∈G, σ(g) is the minimum
number of times (in its homotopy class rel. endpoints) that a path from λ′(0) to g · λ(0)
crosses Us = U \ U1 in simple points, that is in points with minimal isotropy. In other
words, because Us =⋃g Ug , it is the minimum number of times that a path from λ′(0)
to g · λ(0) meets Us in points which do not belong to intersections of the type Ug ∩ Uh
with g = h ∈ G. That is, if we consider Us as a stratified space (as usual, stratified by
dimensions and isotropy groups), then we consider
σ(g) :=min{#γ−1Us | γ : (I,0,1)→ (U \ S,λ′(0), g · λ(0))}
where S denotes the union of strata in Us which are not maximal.
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Fig. 1. The elements λ and λ′ in E(f ).
Fig. 2. The homotopy Γ .
If λ′(0) and g · λ(0) do not belong to the same component of U , then we set σ(g)=∞.
The claim of the lemma is that σ achieves a minimum of 0, that is, there is a g such that
σ(g)= 0.
It is easy to see that the minimum is finite, because i∗λ= i∗λ′, and thus there is a path
from λ′(0) to g · λ(0) for some g ∈G. Hence, assume that the minimum of σ is m> 0. By
replacing λ by one of its images under the elements of G, we can therefore assume that in
the notation of Fig. 1 there are exactly m simple intersections, and that m is the minimum.
Now consider a homotopy Γ : I × I → M such that Γ (−,0) = γ , Γ (−,1) = f (γ ),
Γ (0,−) = λ, Γ (1,−) = λ′. By assumption γ meets Us in m > 0 simple points (that is,
meet Us \ S in m points), and every path homotopic to γ must meet Us \ S in at least
m points. On the other hand, also f (γ ) meets Us \ S in m simple points, because f is
isovariant. What happens is illustrated in Fig. 2: let t1 > 0 be the smallest parameter such
that γ (t1) ∈ Us \ S: γ (t1) is a point in the maximal stratum of Us , of codimension 1
in U , therefore there exists an element w ∈ G (of order 2) such that the isotropy group
of γ (t1) is the cyclic group generated by w. Now, because of the minimality of m, the
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Fig. 3. The deformation of Γ ′(−,0).
componentA of I ×I \Γ −1Uw containing {0}×I does not contain points in the boundary
of I × I other than {0}× I and {0,1}×[0, t1] (otherwise it should be possible to find a path
homotopic to γ with m− 1 simple crossings with Us , which is impossible by assumption).
The intersection of the closure of A and its complement A∩ (I × I \A) is sent to Uw by
Γ , hence the following homotopy is well-defined
Γ ′(s, t) :=
{
w · Γ (s, t) if (s, t) ∈A,
Γ (s, t) if (s, t) /∈A
and continuous. By a simple transversality argument (without loss of generality we can
assume that γ is PL and that it crosses Uw transversally) we can hence deform Γ ′(−,0)
in a neighborhood of t1, removing the intersection in t1, so that Γ ′(−,0) has m− 1 simple
intersections with Us (as shown in Fig. 3). But this contradicts the hypothesis of minimality
of m: thus σ achieves the minimum 0, that is, there is a g ∈G such that σ(g)= 0, and so
there is a g ∈ G and a path γ : (I,0,1)→ (U \ Us,λ′(0), g · λ(0)) such that λ′ = g · λ,
hence the thesis. ✷
Corollary 4.2. If f :U → M is an isovariant map, compactly fixed in U1; then
i∗L(f |U1)= 0 implies L(f |U1)= 0.
Proof. Consider two fixed points x, y ∈ Fix(f ) ∩ U1 and their Nielsen classes ξ, η ∈
R(f |U1), that is, the components of E(f |U1) which contain the constant paths at x and y
respectively. Assume that i∗ξ = i∗η inR(f ). Because of Lemma 4.1, there is a g ∈G such
that ξ = g · η. This means that if α is a nontrivial element of ZR(f |U1)G (the elements
fixed by G), then i∗α = 0. In fact, ZR(f |U1)G is freely generated by elements of the type∑
j ξj , where ξ is an orbit of G in R(f ). So, i∗
∑
j ξj = i∗
∑
l ξ
′
l implies that for some
j¯ , l¯ ξj¯ = ξ ′¯l .
But L(f |U1) is fixed by G, therefore i∗L(f |U1) = 0 implies L(f |U1) = 0 and this
completes the proof. ✷
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5. Proof of Theorem 3.1
We now prove Theorem 3.1. The proof is by induction over orbit type (for details see,
e.g., [15,26,2]). It is trivial to see that if f :U →M is a compactly fixed G-map compactly
fixed G-homotopic to a fixed point free G-map, then nG(f ) = 0. So assume f is a
compactly fixed isovariant map such that ∀(H) ∈ Iso(G,M), N(f H )= 0, or, equivalently,
L(f H )= 0.
Step 1. Because of Lemma 2.3, we can assume without loss of generality that f has an
approximation φ which is taut in a neighborhood of Fix(φ) and for every isotropy group
H the local generalized Lefschetz numbers L(φH |UH)= L(f H |UH ).
Step 2. By induction over orbit types L(f H |UH) = 0 for every (H) ∈ Iso(G,M): in
fact, because of Corollary 2.5, for every H ,
L(φH )= ∑
K⊃H
iHKL
(
φK |UK
)
and hence
L(fH )= ∑
K⊃H
iHKL
(
fK |UK
)
because of Step 1. But iHH = i∗ by definition, thus
L(fH )= ∑
KH
iHKL
(
fK |UK
)+ i∗L(f H |UH ).
By hypothesis L(f H )= 0, and by induction hypothesis∑
KH
iHKL
(
φK |UK
)= 0
thus i∗L(f H |UH)= 0.
Because it is assumed that dimMHs \MHs0  dimMH − 2, the generalized Lefschetz
numbers
L(fH |UH )= L(f H |UH ∪ (MHs \MHs0)).
This equality means that they have the same formal expression as sums of elements of
R(f H |UH) and of the corresponding ones in
R(fH |UH ∪ (MHs \MHs0))∼=R(fH |UH ).
Consider the action of the Weyl group WGH over MH : the free part of this action is
UH \UHs0 =UH ∪
(
UHs \UHs0
)
thus we can apply Corollary 4.2:
i ′∗L
(
f H |UH ∪
(
MHs \MHs0
))= i∗L(fH |UH )= 0
⇒ L(f H |UH)= L
(
f H |UH ∪
(
MHs \MHs0
))= 0
where i ′∗ is the homomorphism induced by the inclusion E(f H |MHs \MHs0) ⊂ E(fH ).
This is the induction step.
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Step 3. We have proved that L(f H |UH)= 0 for all H , and hence the same holds with
φ in place of f . Because of Lemma 2.6 and the assumption that dimMH = 2, the proof of
the Theorem is complete.
6. A counter-example
In this section we show that for equivariant non-isovariant maps the statement of
Theorem 3.1 (more precisely, Corollary 3.2) in general is false. Namely, we exhibit a
compact G-manifold M (with G = Z2, the cyclic group of order 2) with boundary, of
dimension 4, and a G-self-map f :M →M such that ng(f )= 0 but f cannot be deformed
equivariantly to be fixed point free.
The first counter-example of this kind was first exhibited in [12] (Example 5.2). The
example in this paper in my opinion gives a better way of understanding the reason for
which the Codimension Hypothesis cannot be dropped, unless the map is isovariant: it is
the phenomenon of cross-canceling of the fixed point classes that should be clear from this
example. Its main scope is to show why the proof of Lemma 4.1 fails, if the map is not
isovariant.
The dimension has been chosen to be 4 just to fulfil all the hypotheses of Corollary 3.2
and Theorem 3.1: it is not difficult to find a closed compact surface which retracts onto
the 1-complex given in the example, and so to find a similar counter-example on a closed
smooth G-surface: the problem is that in general the converse of the Lefschetz property
may fail just because the dimension is 2 (that is, in dimension 2 even non equivariant maps
can have N(f )= 0 even if they are not homotopic to a fixed point free map). So, because
we need the Wecken property for the spaces involved, we exclude the case of surfaces.
Furthermore, the boundary of the manifold can easily be removed by some common
methods (i.e., by considering a retraction of a closed manifold onto the 1-complex and
then multiplying it by a sphere to get the prescribed dimension), but what we want to
show is not the counter-example itself, but the way fixed point classes can appear in such
a setting.
Let X be the union of two circles with two distinct common points (see Fig. 4).
Let A, B , A and B be the points of X shown in Fig. 4. Then X is the union of the 8
oriented arcs ai , bi , αi , βi , with i = 1,2.
Let G be the group of order 2, acting on X by the reflection g :X → X, so that for
i = 1,2
g(ai) = αi,
g(bi) = βi,
g(αi) = ai,
g(βi) = bi.
Consider the G-self-map f :X→X uniquely (up to G-homotopy) defined by
a1 → a−12 ,
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Fig. 4. The space X.
a2 → a−11 ,
b1 → b1α−11 α−12 ,
b2 → α−11 α−12 b2.
The fixed point set is
Fix(f )= {A,B,A,B }
and the fixed point indexes are I (A)= I (A)=+1, I (B)= I (B )=−1.
First compute nG(f ): the isotropy groups are 1 and G, and because Fix(f G) = ∅,
nG(f )= 0 if and only if N(f )= 0.
The points A and B are in the same Nielsen class: consider the path γ := a1β−11 joining
A and B . Then
f (γ )= a−12
(
β1a
−1
1 a
−1
2
)−1 = a−12 a2a1β−11 = a1β−11 = γ
that is, they are Nielsen equivalent.
By equivariance B and A are equivalent as well. Hence there are only unessential
classes, and the Nielsen number is zero.
In order to be under the hypotheses of Theorem 3.1, embed X in the 4-dimensional
Euclidean space, such that X is contained in a plane as in Fig. 4, and take a small smooth
compact neighbourhood Y (thus YG has dimension 3, and dimY is 4). The map f can be
extended to a map f ′ on Y by composition with a retraction of Y onto X. With an abuse
of notation we use the symbol X instead of Y and f instead of f ′.
The map f is compactly fixed, and f is weakly taut around Fix(f ). Thus, because of
Lemma 2.6, there is a fixed point free G-deformation of f if and only if L(f H |XH)= 0
for every isotropy groupH . Because L(f G|XG)= 0, onlyL(f |X1) needs to be computed,
where X1 :=X is the free part of X (those points with trivial isotropy).
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Let U1 the component of X1 containing A. Consider the fundamental group π1(X,A)
with base-point A, and the Reidemeister action of π1(U,A) on π1(X,A). The group
π1(X,A) is freely generated by the elements
x := a1b−11 b−12 a2,
y := a1β−11 β−12 a2,
z := a1α−11 α−12 a2.
The endomorphism fπ induced by f is given by
x → a−12 α2α1b−11 b−12 α2α1a−11
= a−12 α2α1a−11 a1b−11 b−12 a2a−12 α2α1a−11
= zxz−1,
y → a−12 a2a1β−11 β−12 a2a1a−11
= y,
z → a−12 α2α1a−11
= z−1.
Thus π1(U,A)= 〈x〉 ∼= Z acts on π1(X,A) by
xk · γ := xkγf (x−k)= xkγ zx−kz−1
for every xk ∈ π1(U,A).
Consider now the coordinates of the fixed points: of course cd(A)= [1]; next, cd(B)=
z, as illustrated in Fig. 5.
Fig. 5. The coordinate of B .
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Fig. 6. The coordinate of B .
It is easy to see that they are not in the same class in R(f |U): otherwise should be a
k ∈ Z such that z = xkzx−kz−1 (which is impossible). As a consequence, L(f |U) = 0,
thus L(f |X1) = 0 and f is not G-homotopic to a fixed point free G-map.
Remark 6.1. It is not necessary, but it is just slightly more difficult to prove that [z] and
[1] are distinct classes even in R(f ).
Remark 6.2. The main point is that the G-map f is not isovariant. As shown in Fig. 6, the
intersections of the path γ (connecting two fixed points A and B) with Xs are as minimum
as possible, but the same is not true for f (γ ). And this is the key step in the proof of the
Key Lemma: it is easy to see that in this setting A and B are in the same Nielsen class, but
A and B are not in the same class.
Fig. 7. The homotopy from γ to f (γ ).
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With the same notation as in the proof of Lemma 4.1, the situation is illustrated in Fig. 7:
the argument in the proof of Lemma 4.1 does not apply in this setting.
Remark 6.3. As a last remark, it is better to note that if M is a G-manifold such that for
each H ⊂G, dimMH = 2, the two questions
If for each subgroup H ⊂ G, f H :MH →MH can be deformed to be fixed point
free by a compactly fixed homotopy, is it true that f can be deformed by a compactly
fixed G-homotopy to a fixed point free map?
and
If the Nielsen number nG(f ) vanishes, is it true that f can be equivariantly deformed
to be fixed point free (converse of the Lefschetz property for nG)?
are equivalent, because for every H with dimMH = 2 and N(f H )= 0, f H is compactly
fixed homotopic to a fixed point free map.
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